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A. Principle of the imaginary time evolution
Here we explain in detail the basic idea of the imaginary time evolution (ITE) algorithm based on the cooling algorithm [38] . Each ITE operator can be realised by this method. A ITE operator can be successfully realised by a set of basic steps with some probability, which depends on the Hamiltonian and the initial state. Fortunately, in the braiding process for the KCM, the ITE operator can be efficiently realised.
The circuit for one step of the imaginary time evolution is shown in Figure S1 . The key components of the quantum circuit consists of four gates [38] : (a) two Hadamard gates
applying to the ancilla qubit (|0 and |1 are the corresponding two levels) at the beginning and at the end of the quantum circuit; (b) a local phase gate,
where the parameter α is chosen to optimize the efficiency of the algorithm; (c) a two-qubit controlled unitary operation,
where 1 1 is the identity operator, and
is the real time evolution operator for the system. H s is the Hamiltonian of the considered system (L-site KCM here), and t is the time of evolution, which is another parameter we can use to optimise the efficiency of the algorithm. For a many-body Hamiltonian, we can approximate well the unitary evolution operator U (t) by the product of a set of local unitary operators through Trotter-Suzuki expansion [39] .
For any given initial state of the system, |ψ in = Ns k=1 √ p k n k l=1 β k,l |e k,l , where N s is the number of the eigenvector subspace of Hamiltonian H s , n k ( Ns k=1 n k = 2 L ) is the degeneracy of the k-th eigenvector subspace of the Hamiltonian H s with eigenvalue E k , and |e k,l is the l-th eigenvector in this subspace. The probability to find the state in the k-th eigenvector
subspace is denoted by p k . For each k, n k l=1 β k,l |e k,l is normalised, i.e.
n k l=1 |β k,l | 2 = 1.
Generally, we do not need to know the exact form of |e k,l .
The quantum circuit then produces the following output state:
A measurement on the ancilla qubit in the computational basis {|0 , |1 } yields the states
and
respectively, where A 0 (A 1 ) is the normalisation factor. It is clear that the coefficient of the eigenvector subspace is modified by the factor (1 − ie −i(E k t−α) ) or (1 + ie −i(E k t−α) ) depending on the results of the ancilla qubit. As a result, the weight of the eigenvector subspace, especially the weight of the ground-state subspace, will be modified. To clarify this point, let us consider the module of the factor (1 ± ie
If the parameters α and t are properly chosen, such that,
for all the eigenvalue E k , the function sin(E k t − α) will increase with the energy. Therefore, 1−sin(E k t−α) (1+sin(E k t−α)) will decrease (increase) with the increase of the eigenvalue.
As a result, the weight of ground state of the system will increase along with the measurement result |0 on the ancilla qubit, and the weight of the ground state will decrease along with the measurement result |1 on the ancilla qubit.
To make the parameters satisfy the condition introduced above, we normalise the Hamiltonian of the system to make the eigenvalues of the Hamiltonian to be within the range [−1, 1] . The general Hamiltonian in our braiding processes of MZMs in the L-site KCM can be easily normalised as
By setting α = 0 and supposing the parameter t satisfies the condition: E k t 1, the weight of the eigenvectors of the Hamiltonian change as
which is the imaginary time evolution operator for small time t.
To realise an ITE with a large t, we divide it into k steps, where each step satisfies the condition introduced before. Thus, a total of k steps of ITE are applied on the initial state (we make no measurement during the cooling; we measure the qubits at the end of the manipulation). The final state we obtain is
where |ϕ ji is a properly normalised state of the ancilla.
sin(E i t − α) and α = 0.
After the manipulations, we measure the ancilla. The probability to get j |0 (the number of the success cooling manipulation) is,
This is a mixture of several binomial distributions with the first one corresponding to the ground state. For a standard binomial distribution: 
− a 2 i ). In order to prepare the ground state of the system, the intersection between different binomial distribution should be very small. In other words
which is equivalent to
It should be noted that the other binomial distribution corresponding to higher energy have much less intersection with the distribution corresponding to ground states. Under the
and the intersection condition can be simplified to
where ∆ is the gap of the system. If this condition is satisfied, the binomial distribution of the ground state is sufficiently separated from the others, and the number of |0 outcomes during the measurement on the ancilla will be concentrated at k(1 − 1 2 a 1 ) with probability p 1 . Thus, the number of measurements that successfully obtain the ground state of the system scale as 1
The gap of the Hamiltonian during the braiding increases polynomially with L. In addition, the overlap between the ground state of H
M F i
and H
M F
i+1 is independent of L. Therefore, the ITE operator e −H i t with large t is a polynomial of L in the KCM Braiding situation.
B. The state evolution during the exchange of MZMs A and C The process to anticlockwise braid Majorana zero modes (MZMs) A and C is described in Fig. S2 . The exchange process is controlled by four Hamiltonians
The 
Subsequently, the state |φ 1 is sent to the ITE operation of the third Hamiltonian
which corresponds to transporting MZM A to site 4. We need only consider the ITE operation of σ 
The state |φ 2 is sent to the ITE operation of the forth Hamiltonian
which corresponds to transporting MZM C to site 3. We need only consider the ITE oper-
. The state becomes
Finally, we employ the ITE operation to move back to the initial Hamiltonian
This operation corresponds to transporting MZM C back to site 1. For that we need to only consider the ITE operation of σ z 3 . The output state becomes
In order to compare this final state with the initial one, we change the basis of modes 1 and 2 to |x and |x (basis rotation). The state becomes
As shown in the main text, the unitary transformation that corresponds to the anticlockwise braiding of MZMs A and C reads
written in the basis {|00 g , |01 g , |10 g , |11 g }.
If we focus on the even fermionic parity space spanned by |00 g and |11 g , the unitary transformation becomes
As a result, the braiding of A and C corresponds to a Hadamard gate operation. Note that this is not the standard Hadamard gate, which equals to H · R 2 . With a similar calculation, we can verify that the clockwise braiding of the MZMs A and C can be realised as shown in C. The state evolution during the exchange of MZMs C and D
The process to anticlockwise braiding the MZMs C and D is described in Fig. S4 . With the same arguments, the braiding of the MZMs C and D can be implemented by the ITE opertors based on the following Hamiltonians
The braiding process can be simulated by the spin system with the corresponding Hamilig . tonians
The detailed evolution of the corresponding spin state during the MZMs exchange is calculated as follows. After the ITE operation of the initial Hamiltonian
which corresponds to creating the MZMs A, B, C and D, the state becomes
where α, β, µ and ν are complex amplitudes satisfying |α| 2 + |β| 2 + |µ| 2 + |ν| 2 = 1. The first step is the same as that of the braiding of A and C.
The state is then sent to the second ITE operation with Hamiltonian
which corresponds to transporting the MZM C to site 5. We need only consider the ITE operation of σ z 4 and the state becomes
MZMs ig .
The state |φ 1 is then sent to the ITE operation of H 2 
This state can be rewritten as
Finally, we move back to H 0 which corresponds to transporting MZM C to site 6. After the ITE of −σ x 4 σ x 5 , the state becomes
After the ITE of −σ x 5 σ x 6 , the state becomes
The final state can be rewritten as 
After the exchange process, the final state becomes in the logic basis
As a result, the unitary transformation of the anticlockwise braiding of MZMs C and D reads as
given in the basis {|00 g , |01 g , |10 g , |11 g }. If we focus on the even fermionic parity space spanned by |00 g and |11 g , the unitary transformation becomes
A similar calculation can be performed to determine the evolution of the clockwise braiding of the MZMs C and D, as shown in Fig. S5 . The process that implements the π 8
-phase gate, which is not topologically protected, is described in Fig. S6 . This gate is implemented by the following fermionic Hamiltonians
The adiabatic evolution for the implementation of this gate can be simulated in terms of spins. The corresponding Hamiltonians are given by
The evolution of the ground state during the adiabatic transitions is calculated as follows.
After the ITE operation of the initial Hamiltonian
where α, β, µ and ν are complex amplitudes satisfying |α| 2 + |β| 2 + |µ| 2 + |ν| 2 = 1. The first step is the same as that from braiding the MZMs A and C. The state is then sent to the second ITE operation with the Hamiltonian
which corresponds to transporting MZM B to site 3. To perform this step we only need to consider the ITE operation of −σ x 2 σ x 3 and the state becomes
= α|x 1 x 2 x 3 x 4 x 5 x 6 − β|x 1x2x3 x 4 x 5 x 6 + µ|x 1 x 2 x 3x4x5x6 − ν|x 1x2x3x4x5x6 .
The state |φ 1 is then sent to the ITE operation of
which corresponds to transporting MZM C to the same site 3. Only the term of σ needs to be implemented. The state then becomes
We then implement the real time evolution of H e on site 3 with the evolution operation e iσ z 3 τ , where τ is the corresponding evolution time, resulting to |φ 2 τ = e −iτ α|x 1 x 2z3 x 4 x 5 x 6 − e iτ β|x 1x2 z 3 x 4 x 5 x 6 + e iτ µ|x 1 x 2 z 3x4x5x6 + e −iτ ν|x 1x2z3x4x5x6 .
The state then further passes through ITE of the the Hamiltonian
which corresponds to transporting MZM C back to site 4. From this Hamiltonian we only need to consider the term of −σ x 2 σ x 3 for the application of the ITE. The state then becomes |φ 3 = e −iτ α|x 1 x 2z3 x 4 x 5 x 6 − e iτ β|x 1x2 z 3 x 4 x 5 x 6 + e iτ µ|x 1 x 2 z 3x4x5x6 + e −iτ ν|x 1x2z3x4x5x6 = e −iτ α|x 1 x 2 (x 3 −x 3 )x 4 x 5 x 6 − e iτ β|x 1x2 (x 3 +x 3 )x 4 x 5 x 6 + e iτ µ|x 1 x 2 (x 3 +x 3 )x 4x5x6 + e −iτ ν|x 1x2 (x 3 −x 3 )x 4x5x6
= e −iτ α|x 1 x 2 x 3 x 4 x 5 x 6 − e iτ β|x 1x2x3 x 4 x 5 x 6 + e iτ µ|x 1 x 2 x 3x4x5x6 − e −iτ ν|x 1x2x3x4x5x6 .
Finally, we project the state back to the ground state space of the initial Hamiltonian
which corresponds to transporting MZM B back to site 2. The state becomes
= e −iτ α|x 1 x 2z3 x 4 x 5 x 6 + e iτ β|x 1x2z3 x 4 x 5 x 6 + e iτ µ|x 1 x 2z3x4x5x6 + e −iτ ν|x 1x2z3x4x5x6
To determine the effect of these evolutions on the logical space, we translate the basis by 
After the phase gate operation the final state becomes 
Compared to the initial state, the operation is written as
expressed in the basis {|00 g , |01 g , |10 g , |11 g }.
If we focus on the even fermionic parity basis of |00 g and |11 g , the phase operation
With the help of the Hadamard gate H we can obtain the phase gate as .
E. Effect of the phase errors on site 4 during the phase gate
As discussed in [31], phase errors, caused by c † j c j , are dominant in fermionic system. Generally, the error operator can be written as e −ic † j c j t where t is the interaction time. We can expand the operator as
Hence, to demonstrate the influence of the phase error, we only need to consider the action of the operator c † c (which is transformed to (1 + σ z )/2 in the spin representation) in the ground-state space. We first consider the action of the noise on site 4. In this case, at most one MZM is effected, so we expect the information encoded in the MZMs to be robust. To demonstrate this characteristic, we assume that the error happens during the phase gate operation.
The evolution of the state during the phase gate with the presence of the phase error is determined as follows. After the ITE operation of the initial Hamiltonian
the state becomes
The phase error operation is then implemented and the state becomes |φ 0 err = 1/2(α|x 1 x 2z3 x 4 x 5 x 6 + β|x 1x2z3 x 4 x 5 x 6 + µ|x 1 x 2z3x4x5x6 + ν|x 1x2z3x4x5x6 ) + 1/2(α|x 1 x 2z3x4 x 5 x 6 + β|x 1x2z3x4 x 5 x 6 + µ|x 1 x 2z3 x 4x5x6 + ν|x 1 x 2z3 x 4x5x6 ).
There is a probability of 0.5 that the state of particle 4 changes from x 4 tox 4 . The state is then transformed by the second ITE operation with the Hamiltonian
The terms disturbed by the operation σ z 4 is discarded due to the ITE operation of the similar Hamiltonian −σ 
The phase error operation is then implemented and the state becomes |φ 1 err = 1/2(α|x 1 x 2 x 3 x 4 x 5 x 6 − β|x 1x2x3 x 4 x 5 x 6 + µ|x 1 x 2 x 3x4x5x6 − ν|x 1x2x3x4x5x6 ) + 1/2(α|x 1 x 2 x 3x4 x 5 x 6 − β|x 1x2x3x4 x 5 x 6 + µ|x 1 x 2 x 3 x 4x5x6 − ν|x 1 x 2x3 x 4x5x6 ).
(73)
The next ITE operation is with respect to
and the state becomes |φ 2 = α|x 1 x 2z3 x 4 x 5 x 6 − β|x 1x2 z 3 x 4 x 5 x 6 + µ|x 1 x 2 z 3x4x5x6 + ν|x 1x2z3x4x5x6 .
The phase error operation is again implemented and the state becomes |φ 2 err = 1/2(α|x 1 x 2z3 x 4 x 5 x 6 − β|x 1x2 z 3 x 4 x 5 x 6 + µ|x 1 x 2 z 3x4x5x6 + ν|x 1x2z3x4x5x6 ) + 1/2(α|x 1 x 2z3x4 x 5 x 6 − β|x 1x2 z 3x4 x 5 x 6 + µ|x 1 x 2 z 3 x 4x5x6 + ν|x 1x2z3 x 4x5x6 ).
By implementing the real time evolution of e iσ z 3 on site 3 with the time τ , the state becomes |φ 2 τ err = 1/2(e −iτ α|x 1 x 2z3 x 4 x 5 x 6 − e iτ β|x 1x2 z 3 x 4 x 5 x 6 + e iτ µ|x 1 x 2 z 3x4x5x6 + e −iτ ν|x 1x2z3x4x5x6 ) + 1/2(e −iτ α|x 1 x 2z3x4 x 5 x 6 − e iτ β|x 1x2 z 3x4 x 5 x 6 + e iτ µ|x 1 x 2 z 3 x 4x5x6 + e −iτ ν|x 1x2z3 x 4x5x6 ).
The state is then further transformed by the ITE of Hamiltonian
and becomes
The phase error operation is subsequently implemented and the state becomes |φ 3 err = 1/2(e −iτ α|x 1 x 2 x 3 x 4 x 5 x 6 − e iτ β|x 1x2x3 x 4 x 5 x 6 + e iτ µ|x 1 x 2 x 3x4x5x6 − e −iτ ν|x 1x2x3x4x5x6 ) + 1/2(e −iτ α|x 1 x 2 x 3x4 x 5 x 6 − e iτ β|x 1x2x3x4 x 5 x 6 + e iτ µ|x 1 x 2 x 3 x 4x5x6 − e −iτ ν|x 1x2x3 x 4x5x6 ).
Finally, the state is projected back to the ground-state space of the initial Hamiltonian = (e −iτ α + e iτ β − e iτ µ − e −iτ ν)|00 g + (e −iτ α + e iτ β + e iτ µ + e −iτ ν)|01 g
which is the same as that without error.
F. Effect of the phase errors on site 3 during the phase gate
We now consider the effect of the phase error on site 3. Since two MZMs will simultaneously appear on this site, the phase error, given by the operator c † c, will induce error in the logical state during the implementation of the π 8 -phase gate. To demonstrate exactly the effect of the error, we suppose it only operates on site 3 when two MZMs are both transported there. The state evolution during the phase gate with the error is calculated as follows.
The state is then sent to the second ITE operation corresponding to the Hamiltonian
and the state becomes
The next ITE operation is with respect to H 2
The phase error operation is then implemented and the state becomes |φ 2 err = (α|x 1 x 2z3 x 4 x 5 x 6 − β|x 1x2 z 3 x 4 x 5 x 6 + µ|x 1 x 2 z 3x4x5x6 + ν|x 1x2z3x4x5x6 )/2 + (−α|x 1 x 2z3 x 4 x 5 x 6 − β|x 1x2 z 3 x 4 x 5 x 6 + µ|x 1 x 2 z 3x4x5x6 − ν|x 1x2z3x4x5x6 )/2 = β|x 1x2 z 3 x 4 x 5 x 6 − µ|x 1 x 2 z 3x4x5x6 .
There are interferences between the disturbed (the operation of σ z 3 ) and undisturbed terms. By implementing the real time evolution of e iσ z 3 on site 3 with the time τ , the state becomes |φ 2 τ = e iτ β|x 1x2 z 3 x 4 x 5 x 6 − e iτ µ|x 1 x 2 z 3x4x5x6 .
After the ITE operation of the Hamiltonian
Finally, the state is projected back to the ground-state space of the initial Hamiltonian
and becomes 
G. Effect of the flip errors between the nearest sites 4 and 5 during the phase gate
The influence of flip error perturbations in the Kitaev chain is significantly suppressed
[31]. To study their effect in our simulator we consider the perturbation c †
which is a two site error, during the phase gate operation. This operator can be written in terms of spins as (σ
)/2. Similarly to the phase error the influence of the flip error dependents on the sites where the error happens. When the error only acts on at most one MZM, it can not influence the information encoded in the MZMs. To demonstrate this characteristic, we assume the error operates on sites 4 and 5 during the whole process of the gate operation.
The state evolution during the phase gate in the presence of flip errors on sites 4 and 5 is calculated as follows. After the ITE operation of the initial Hamiltonian
The flip error operation is then implemented and the state becomes
There is a probability of 0.5 that the states of particle 4 and 5 disturbed by the operation
, and a probability of 0.5 disturbed by the operation σ y 4 σ y 5 . The state is then sent to the second ITE operation with the Hamiltonian
The disturbed terms with the operation of σ . The flip error is further implemented and the state becomes |φ 1 err = (α|x 1 x 2 x 3 x 4 x 5 x 6 − β|x 1x2x3 x 4 x 5 x 6 + µ|x 1 x 2 x 3x4x5x6 − ν|x 1x2x3x4x5x6 )/2 − (α|x 1 x 2 x 3x4x5 x 6 − β|x 1x2x3x4x5 x 6 + µ|x 1 x 2 x 3 x 4 x 5x6 − ν|x 1x2x3 x 4 x 5x6 )/2. (101) The next ITE operation corresponds to the Hamiltonian
which leads to the state |φ 2 = α|x 1 x 2z3 x 4 x 5 x 6 − β|x 1x2 z 3 x 4 x 5 x 6 + µ|x 1 x 2 z 3x4x5x6 + ν|x 1x2z3x4x5x6 . (103) The flip error operation is implemented and the state becomes
By implementing the real time evolution of e iσ z 3 τ on site 3 for time τ , the state becomes
The state then undergoes the ITE operation corresponding to the Hamiltonian
The flip error operation is further implemented and the state becomes |φ 3 err = (e −iτ α|x 1 x 2 x 3 x 4 x 5 x 6 − e iτ β|x 1x2x3 x 4 x 5 x 6 + e iτ µ|x 1 x 2 x 3x4x5x6 − e −iτ ν|x 1x2x3x4x5x6 )/2
− (e −iτ α|x 1 x 2 x 3x4x5 x 6 − e iτ β|x 1x2x3x4x5 x 6 + e iτ µ|x 1 x 2 x 3 x 4 x 5x6 − e −iτ ν|x 1x2x3 x 4 x 5x6 )/2.
The state is then projected back to the ground-state space of the initial Hamiltonian
and becomes |φ 4 = e −iτ α|x 1 x 2z3 x 4 x 5 x 6 + e iτ β|x 1x2z3 x 4 x 5 x 6 + e iτ µ|x 1 x 2z3x4x5x6 + e −iτ ν|x 1x2z3x4x5x6 , = (e −iτ α + e iτ β − e iτ µ − e −iτ ν)|00 g + (e −iτ α + e iτ β + e iτ µ + e −iτ ν)|01 g
which is the same state as that without error. Hence, the system is fault-tolerant against flip error perturbations. After the ITE operation of the initial Hamiltonian
The state is then sent to the second ITE operation with the Hamiltonian
The next ITE operation corresponds to the Hamiltonian
The flip error operation is then implemented and the state becomes |φ 2 err = (α|x 1 x 2 z 3 x 4 x 5 x 6 − β|x 1x2z3 x 4 x 5 x 6 − µ|x 1 x 2z3x4x5x6 − ν|x 1x2 z 3x4x5x6 )/2
By implementing the real time evolution of e iσ z 3 τ on site 3 with the time τ , the state becomes
and becomes |φ 3 = e iτ α|x 1 x 2 x 3 x 4 x 5 x 6 + e −iτ β|x 1x2x3 x 4 x 5 x 6 − e −iτ µ|x 1 x 2 x 3x4x5x6 − e iτ ν|x 1x2x3x4x5x6 .
The disturbed terms with the operation σ = (e −iτ α + e iτ β − e iτ µ − e −iτ ν)|00 g + (e −iτ α + e iτ β + e iτ µ + e −iτ ν)|01 g
The transformation can be written as
I. Cross section images for the state evolution 
J. Realisation of the Deutsch-Jozsa algorithm based on Majorana braiding
We now explain how to implement the Deutsch-Jozsa algorithm with MZMs. The initial state (ground state of H 0 ) is given by
ig .
ig . After the braiding of MZMs A and C, the final state becomes
4C and 6D
The unitary transformation reads
If we focus on the even fermionic parity state-space spanned by |00 g and |11 g , the unitary transformation becomes
As a result, the braiding of A and C corresponds to a Hadamard gate operation on the basis of |00 g and |11 g .
On the other hand, the braiding of the MZMs C and D acting on the initial state |φ 0 gives |φ 2 = i(α + β − µ − ν)|00 g + (α + β + µ + ν)|01 g + i(α − β − µ + ν)|10 g + (α − β + µ − ν)|11 g .
This unitary operation, when restricted on the space of |00 g and |11 g , it reads 
D. More experimental results
The real and imaginary parts of the experimentally obtained density matrices of the (− π 4
)-phase gate expressed in the logical basis {|00 g , |11 g } are shown in Figs. S15a and b.
The experimental fidelity is 93.44 ± 0.01%. The final density matrices obtained after the action of the gate operators in the basis {|00 g , |01 g , |10 g , |11 g } are shown in Fig. S16 .
The density matrix in the basis {|00 g , |01 g , |10 g , |11 g } obtained after the application of the π 8
-phase gate in the presence of different errors, is shown in Fig. S17 . We can demonstrate the Deutsch-Jozsa algorithm with the corresponding gates following the process described in section IJ. First we prepare the input state |00 g . If the operation in the box is the identity (constant function), the braiding operation of U AC (braiding MZMs A and C) is implemented twice directly on the input state. The final state can ig .
F l i p e r r o r o n s i t e s 3 a n d 4 F l i p e r r o r o n s i t e s 4 a n d 5 P h a s e e r r o r o n s i t e 4 F . S17 Experimental density matrices resulting from the be written as U AC U AC |00 g = |11 g , which corresponds to implementing the H · I · H gate operations. If the operation in the box is σ z (balanced function), the final state becomes U AC U CD U CD U AC |00 g = |00 g , where U CD corresponds to the braiding of C and D. These gate operations can be written as H · R 2 · H. In this work, the output states, denoted as 
